Universal $T/B$ scaling behavior of heavy fermion compounds by Shaginyan, V. R. et al.
Universal T/B scaling behavior of heavy fermion compounds
V. R. Shaginyan,1, 2, ∗ A. Z. Msezane,2 J. W. Clark,3, 4 G. S. Japaridze,2 and Y. S. Leevik5
1Petersburg Nuclear Physics Institute, NRC Kurchatov Institute, Gatchina, 188300, Russia
2Clark Atlanta University, Atlanta, GA 30314, USA
3McDonnell Center for the Space Sciences & Department of Physics,
Washington University, St. Louis, MO 63130, USA
4Centro de Investigac¸a˜o em Matema´tica e Aplicac¸o˜es,
University of Madeira, 9020-105 Funchal, Madeira, Portugal
5National Research University Higher School of Economics, St.Petersburg, 194100, Russia
We address manifestations of T/B scaling behavior of heavy-fermion (HF) compounds, where T
and B are respectively temperature and magnetic field. Using experimental data and the fermion
condensation theory, we show that this scaling behavior is typical of HF compounds including HF
metals, quasicrystals, and quantum spin liquids. We demonstrate that such scaling behavior holds
down to the lowest temperature and field values, so that T/B varies in a wide range, provided the HF
compound is located near the topological fermion condensation quantum phase transition (FCQPT).
Due to the topological properties of FCQPT, the effective mass M∗ exhibits a universal behavior,
and diverges as T goes to zero. We also explain how to extract the universal scaling behavior from
experimental data collected on different heavy-fermion compounds. As an example, we consider
the HF metal YbCo2Ge4, and show that its scaling behavior is violated at low temperatures. Our
results obtained show good agreement with experimental facts.
PACS numbers: 71.27.+a, 71.10.Hf, 72.15.Eb
INTRODUCTION
Topological approach is a powerful method to gain in-
formation about a wide class of physical systems. Knowl-
edge of the topological properties allows us to gain a gen-
eral knowledge about physical systems without solving
specific equations, which describe concrete systems and
are often very complicated. As usually, the microscopic
approach to a heavy fermion (HF) metal (for example,
computer simulations) gives only particular information
about specific solids, but not about universal features,
inherent in the wide class of HF compounds. HF com-
pounds can be viewed as the new state of matter, since
their behavior near the topological fermion condensation
quantum phase transition (FCQPT) acquire important
similarities, making them universal. The idea of this
phase transition, forming experimentally discovered flat
bands, started long ago, in 1990 [1, 2]. At first, this idea
seemed to be a curious mathematical exercise, and now it
is proved to be rapidly expanding field with uncountable
applications [1–9].
The scaling behavior of HF compounds is a challeng-
ing problem of condensed matter physics [6, 10–12]. It
is generally assumed that scaling with respect to T/B
(temperature-magnetic field ratio) is related to a quan-
tum critical point (QCP) that represents the endpoint of
a phase transition being tuned to T = 0 by such control
parameters as magnetic field, pressure, and composition
of the heavy-fermion compounds. As soon as the tuned
endpoint of the phase transition reaches T = 0, it be-
comes a quantum phase transition (QPT). At the QCP,
the associated quantum fluctuations involving valence,
magnetism, charge, etc. can be expressed [11, 12]. Fluc-
tuations can also occur at second-order phase transitions,
but the temperature range of these fluctuations is very
narrow [13]; in contrast, T/B scaling can span a few or-
ders of magnitude in T/B (as in Figs. 5 and 6) [6–8]. An
attendant problem to be addressed by theory stems from
the experimental finding that scaling behavior can take
place without both QCP realization and effective-mass
divergence [12]. To solve these problems, one needs to
have a reliable theoretical framework for analysis of the
observed phenomena.
A universal T/B scaling behavior is generated by
quasiparticles belonging to flat bands, formed by topo-
logical FCQPT. In narrow electronic bands in which the
Coulomb interaction energy becomes comparable to the
bandwidth, interactions drive the topological FCQPT; as
a result, at T = 0 flat bands are emerged, see e.g. [6–8].
Such flat bands in twisted graphene have been experi-
mentally observed see e.g. [2]. Thus, we can safely use
the model of homogeneous HF liquid, since we consider a
behavior controlled by flat bands and related to the scal-
ing of quantities such as the effective mass, heat capacity,
magnetization, etc. As a result, the scaling properties
are defined by momentum transfers that are small com-
pared to momenta of the order of the reciprocal lattice
length. The high momentum contributions can there-
fore be ignored by substituting the lattice for the jelly
model; this observation is in a good agreement with ex-
perimental facts collected on many HF metals [6, 7, 9].
In our case quasiparticles are well defined excitations see
e.g. [6, 7, 14], and the divergence of the effective mass
M∗ is not related to Z → 0 (as it is can be assumed,
see e.g. [15]), where Z is the quasiparticle amplitude.
The divergence is defined by both the emergence of an
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2extended Van Hove singularities, pre-forming flat bands,
and the Coulomb interaction, giving rise to strong cor-
relations; as a result, at T = 0 the electronic dispersion
becomes flat at the chemical potential µ, topologically
transforming the Fermi surface into Fermi volume, see
e.g. [1, 6, 7, 9, 16–18].
We show that the theory of fermion condensation (FC),
which entails the topological FCQPT, provides the ap-
propriate framework for describing and analyzing the
universal scaling behavior of HF compounds [1, 3–7, 9].
We predict that T/B scaling behavior can be observed in
a wide range of T/B values, provided the given HF com-
pound is located near a topological FCQPT. Violation
of T/B scaling at the lowest values of T/B is a signal
that the given HF compound is situated prior to or be-
fore the FCQPT on the T −B phase diagram, and hence
exhibits Landau Fermi-Liquid (LFL) behavior at suffi-
ciently low temperatures. The results of this theory are
in good agreement with experimental observations col-
lected on different strongly correlated Fermi systems like
HF metals, quasicrystals and quantum magnets, holding
quantum spin liquids [6, 7, 9].
SCALING BEHAVIOR OF THE EFFECTIVE
MASS NEAR THE TOPOLOGICAL FCQPT
One of the main experimental manifestations of the
topological FCQPT phenomenon is the scaling behavior
of the physical properties of HF compounds located near
such a phase transition. To understand this scaling be-
havior on a sound theoretical basis, we begin with a brief
description of the associated behavior exhibited by the ef-
fective mass M∗ in the framework of a homogeneous HF
liquid [6]. This simplification avoids the complications
associated with the anisotropy of solids and focuses of
both the thermodynamic properties and the non-Fermi-
liquid (NFL) behavior by calculating the effective mass
M∗(T,B) as a function of temperature T and magnetic
field B [6–8], based on the Landau formula for the quasi-
particle effective mass M∗(T,H). The only modification
introduced is that the effective mass is no longer approx-
imately constant but now depends on temperature, mag-
netic field, and other parameters such as pressure, etc.
We note that the FC theory is a good established the-
ory based on the density functional theory; in that case,
the Landau functional E[n(p)] and the corresponding Eq.
(1) are also derived in the same frameworks, therefore,
being exact, see e.g. [4, 6, 7, 9, 16]. Here n(p) is the
quasiparticle distribution function.
At finite temperatures and magnetic fields, Landau’s
equation takes the form [6, 8, 19, 20]
1
M∗σ(T,H)
=
1
M
(1)
+
∑
σ1
∫
pFp
p3F
Fσ,σ1(pF,p)
∂nσ1(p, T,H)
∂p
dp
(2pi)3
in terms of nσ(p) and the quasiparticle interaction Fσ1,σ2 .
The single-particle spectrum ε(p, T ) is a variational
derivative
εσ(p) =
δE[n(p)]
δnσ(p)
, (2)
of the system energy E[nσ(p)] with respect to the quasi-
particle distribution (or occupation numbers) nσ(p for
spin σ, which in turn is related the spectrum σ(p) by
nσ(p, T ) =
{
1 + exp
[
(ε(p, T )− µσ)
T
]}−1
. (3)
In our case, the chemical potential µ depends on spin due
to the Zeeman splitting, µσ = µ± µBB, where µB is the
Bohr magneton. The magnetic field B appears in Eq. (3)
via the ratio µσ/T = (µ±µBB)/T . We note that (1) and
(2) are exact equations [7, 16]. In our case, the Landau
interaction F is fixed by the condition that the system
is situated at a FCQPT. Its sole purpose is to bring the
system to the topological FCQPT point, where M∗ →
∞ at T = 0 and B = 0, altering the topology of the
Fermi surface, transforming it to a volume such that the
effective mass acquires temperature and field dependence
[6, 19, 21]. Provided the Landau interaction is an analytic
function, at the Fermi surface the momentum-dependent
part of the Landau interaction can be parameterized as
a truncated power series F = aq2 + bq3 + cq4 + ..., where
q = p1 − p2, the variables p1 and p2 are momenta, and
a, b, and c are fitting parameters defined by the condition
that the system is at a FCQPT point.
Direct inspection of Eq. (1) shows that at T = 0 and
B = 0, the sum of the first and second terms on the right
side vanishes, since 1/M∗(T → 0) goes to zero when the
system is located at the FCQPT point. Given a Lan-
dau interaction analytic with respect to momenta vari-
ables, at finite T the right side of Eq. (1) is proportional
F ′(M∗)2T 2, where F ′ is the first derivative of F (q) with
respect to q at q → 0. Results for the corresponding inte-
grals can be found in textbooks – see especially Ref. [22].
At any rate, we have 1/M∗ ∝ (M∗)2T 2 and arrive at
[6, 7]
M∗(T ) ' aTT−2/3. (4)
At finite temperatures, application of a magnetic field
µBB  kBT drives the system to the LFL regime with
M∗(B) ' aBB−2/3, (5)
where aT and aB are parameters and kB the Boltzmann
constant. If the system is still located before the FC-
QPT, the effective mass is finite M∗ = M0, and Eq. (5)
30.1 1 10
0.0
0.5
1.0
M
*
N
(T/B)N
LFL
crossover
NFL
Inflection
  point
FIG. 1: (Color online). Scaling behavior of the dimen-
sionless effective mass M∗N versus dimensionless variable
(T/B)N . Scaling of thermodynamic properties is defined by
M∗N ; see Eq. (15). M
∗
N is a function of TN ∝ (T/B)N ∼
(T/B)/(T/B)M , as follows from Eq. (14). Solid curve depicts
the scaling behavior M∗N versus normalized temperature TN
as a function of magnetic field, given by Eqs. (8) and (12).
Clearly, at finite TN < 1 the normal Fermi liquid regime is
realized. At TN ∼ 1 the system enters a crossover state, and
at growing temperatures exhibits NFL behavior.
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FIG. 2: (Color online). Schematic T − B phase diagram of
a HF compound, with magnetic field B as control parame-
ter. The hatched area corresponds to the crossover domain
at TM (B), given by Eq. (14). At fixed magnetic field and
elevated temperature (vertical arrow) there is a LFL-NFL
crossover. The horizontal arrow indicates a NFL-LFL tran-
sition at fixed temperature and elevated magnetic field. The
topological FCQPT (shown in the panel) occurs at T = 0 and
B = 0, where M∗ diverges.
must be adjusted, since at B → 0 the effective mass M∗
does not diverge; thus
M∗(B) ' aB(B0 +B)−2/3. (6)
From the Eq. (6) it follows that at some B = B0 the
effective mass becomes M0. Therefore, when B  B0,
the effective mass M∗ depends on the magnetic field in
accordance with Eq. (6), since the contribution coming
from B defines the behavior of M∗. As a result, we can
replace Eq. (5) by the equivalent equation
M∗(B) 'M0 + aBB−2/3. (7)
In the case of the HF liquid, these observations allow
for construction of an approximate solution of Eq. (1) in
the form M∗ = M∗(B, T ) that satisfies both Eqs. (4)
and (5). Introduction of “internal” scales simplifies
the problem under consideration, allowing us to subdue
the microscopic structure of the HF compounds under
consideration[6, 7]. To establish such “internal” scales,
we observe that near the FCQPT, the effective mass
M∗(B, T ) reaches a maximum M∗M at a certain temper-
ature TM ∝ B. (See later comments on Eqs. (3) and
(5) and Fig. 1). To conveniently measure the effective
mass and temperature versus magnetic field B, we in-
troduce the scales M∗M and TM , generating new vari-
ables M∗N = M
∗/M∗M (normalized effective mass) and
TN = T/TM (normalized temperature). In the vicinity
of FCQPT, the normalized effective mass M∗N (TN ) is well
approximated by a universal function [6, 7]
M∗N (TN ) ≈ c0
1 + c1T
2
N
1 + c2T
8/3
N
. (8)
Here, TN = T/TM ∝ T/B (see Fig. 1) and c0 =
(1+c2)/(1+c1), with c1 and c2 free parameters. We stress
that values of M∗M and TM are defined by the microscopic
structure of the HF compound under study, while the
normalized values M∗N and TN demonstrate the univer-
sal scaling exhibited by HF compounds located near the
topological FCQPT, since this scaling is determined by
the nature of both the phase transition and the model of
homogeneous HF liquid; we note that these observations
are in good agreement with experimental facts collected
on HF compounds, see e.g. [6–9]. From Eqs. (5) and (8)
it follows that
M∗M ∝ B−2/3 ∝ T−2/3M ; T/B ' T/TN . (9)
The Landau interaction Fσ,σ1(q) appearing in Eq. (1)
can produce the characteristic topological form of the
spectrum ε(p)−µ ∝ (p−pb)2(p−pF ), with (pb < pF ) and
(pF − pb)/pF  1, leading to M∗ ∝ T−1/2 and creating
a quantum critical point [23]. The same critical point
is generated by the interaction F (q) as represented by a
non-analytic but integrable-over-x function with x = q =√
p21 + p
2
2 − 2xp1p2 and F (q → 0) → ∞ [4, 6, 8]. Both
cases lead to M∗ ∝ T−1/2, and Eq. (4) becomes
M∗(T ) ' aTT−1/2. (10)
4In the same way, we obtain
M∗(B) ' aBB−1/2, (11)
in terms of parameters aT and aB .
Taking into account the fact that Eq. (10) leads to a
spiky density of states (DOS), with the spiky character
fading away under increasing temperature as observed
in quasicrystals [24–26], we note that the general form
of ε(p) produces the behavior of M∗ given by Eqs. (10)
and (11). This is realized in quasicrystals, which can be
viewed as a generalized form of common crystals [24]. We
note further that the behavior 1/M∗ ∝ χ−1 ∝ T 1/2 is in
good agreement with the behavior χ−1 ∝ T 0.51 observed
experimentally [24, 26]. Our result 1/M∗ ∝ T 1/2 is con-
sistent with the robustness of the exponent 0.51 under
hydrostatic hydrostatic pressure [26]. This robustness is
guaranteed by the unique singular density of states asso-
ciated with the topological FCQPT, which survives under
application of pressure [24–28]. develop the consequences
of the the solution of Eq. (1) at finite B and T near the
FCQPT, we construct an approximate solution by inter-
polating between the LFL behavior described by Eq. (11)
and the NFL behavior described by Eq. (10), model the
universal scaling behavior M∗N (TN ∝ T/B) [24]
M∗N (TN ) ≈ c0
1 + c1T
2
N
1 + c2T
5/2
N
, (12)
with c0 = (1+c2)/(1+c1) and c1, c2 as fitting parameters.
Taking into account Eqs. (11) and (12), we arrive at
M∗M ∝ B−1/2 ∝ T−1/2M . (13)
It follows from Eqs. (3), (8), and (12) that
TM ∝ B;TN = T
TM
=
T
a1µBB
∝ T
B
∼
(
T
B
)
N
. (14)
Here a1 is a dimensionless factor, µB is the Bohr mag-
neton, (T/B)N = (T/B)/(T/B)M , where (T/B)M is the
point at whichM∗N reaches it maximum valueM
∗
N = 1, as
illustrated in Fig. 1. Expression (14) shows that Eqs. (8)
and (12) determine the effective-mass scaling in terms
of T and B. We conclude from Eq. (14) that since
TM ∝ B, the curves M∗N (T,B) merge into a single curve
M∗N (TN = T/B), with TN = T/TM = T/B, demonstrat-
ing the widespread scaling in HF metals (for example,
see [6, 7]). Such behavior is depicted in Fig. 1. We note
that Eqs. (8) and (14) allow us to describe the behavior
of the strongly correlated quantum spin liquid (SCQSL)
existing in different frustrated magnets [6, 7].
Another important feature of the FC state is that apart
from the fact that the Landau quasiparticle effectively
acquires dependence on external factors such as the tem-
perature and magnetic field, all the fundamental relations
inherent in the LFL approach remain formally intact. In
particular, the famous LFL relation [6, 7, 20, 22],
M∗(B, T ) ∝ χ(B, T ) ∝ C(B, T )
T
, (15)
still holds. Expression (15) is valid in the case of HF
compounds located near a topological FCQPT, where the
specific heat C, magnetic susceptibility χ, and effective
mass M∗ depend on T and B. Based on Eq. (15), we
find that the normalized values of C/T and χ are of the
form [6, 7]
M∗N (B, T ) = χN (B, T ) =
(
C(B, T )
T
)
N
. (16)
It is seen from Eq. (16) that the aforementioned ther-
modynamic properties have the same scaling behavior as
depicted in Fig. 1. Moreover, we shall see below that
the thermodynamic properties of HF metals, SCQSL of
frustrated magnets, and the other HF compounds exhibit
the same scaling. Based on Eq. (8) and Fig. 1, we can
construct the general schematic T −B phase diagram of
SCQSL, reported in Fig. 2. We assume here that at T = 0
and B = 0 the system is approximately located at a FC-
QPT point. At fixed temperature the system is driven by
the magnetic field B along the horizontal arrow (from the
NFL to the LFL parts of the phase diagram). At fixed
B and elevated T the system moves from the LFL to the
NFL regime along the vertical arrow. The hatched area
indicating the crossover between LFL and NFL phases
separates the NFL state from the paramagnetic slightly
polarized LFL state. The crossover temperature TM (B)
is given by Eq. (14).
T/B SCALING IN HEAVY FERMION
COMPOUNDS
The experimentally based scaling behavior of M∗N so
derived is displayed in Fig. 1. Explanation of this scal-
ing, M∗N (TN ) ∝ C(B, T )/T , presents a serious challenge
to theories of the HF compounds. Most of the current
theories analyze only the critical exponents that char-
acterize M∗N (TN ) at TN  1 and thus consider only a
part of the problem, missing the LFL and the transition
regime [6, 7]. This scaling behavior of the effective mass
M∗N of HF compounds (or strongly correlated Fermi sys-
tems) is described by Eqs. (8) and (12). It follows then
from from Eqs. (15) and (16) that their thermodynamic
properties must express the scaling behavior revealed by
our analysis.
In the present context, the HF compounds are taken to
represent strongly correlated Fermi sytems as realized in
HF metals, high-Tc superconductors, quasicrystals, SC-
QSL of frustrated magnets and two-dimensional liquids
like 3He. One can expect that HF compounds with their
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FIG. 3: (Color online). Universal B/T scaling of strongly cor-
related Fermi systems. Scaling of the HF metal CeCu6−xAux
is extracted from data (measured at different field values
B = 0.05, 0.1, 0.3, 0.6, 0.9, 1.05 T) in Ref. [30], and that
of ZnCu3(OH)6Cl2 (measured at different field values B =
0.5, 1.0, 3.0, 5.0, 7.0, 10.0, 14.0 T), from data in Ref. [31]. At
B/T  1 the systems demonstrate NFL behavior with χ ∝
M∗ as given by Eq. (4), i.e., T 2/3χ ∝ const. At B/T  1
the systems demonstrate LFL behavior with χ as given by
Eq. (5), a decreasing function of B/T (see Eq. (12)). The
NFL, crossover and LFL behavior are indicated by the ar-
rows.
extremely diverse composition and microscopic structure
would demonstrate very different thermodynamic, trans-
port, and relaxation properties. To reveal the universal
scaling behavior of HF compounds, irrespective of spe-
cific properties of individual compounds, we have intro-
duced internal scales to measure the corresponding ther-
modynamic properties, as is done when we consider the
scaling behavior of the effective mass M∗. This uniform
behavior arises from the fact that HF compounds are
located near a topological FCQPT, generating their uni-
form scaling behavior with respect to the effective mass
M∗ [6, 9, 29] (see Fig. 1). As an example, Fig. 3 dis-
plays the universal T/B scaling behavior of the HF metal
CeCu6−xAux and the SCQSL of the frustrated insulator
herbertsmithite ZnCu3(OH)6Cl2 [30, 31]. The existence
of such universal behavior, exhibited by various and very
distinctive strongly correlated Fermi systems, supports
the conclusion that HF compounds represent a new state
of matter [9, 29]. In contrast to the situation for an ordi-
nary quantum phase transition, this scaling, induced by a
FCQPT, occurs up to high temperatures T < Tf ∼ 100
K, since the NFL behavior is defined by quasiparticles
(with M∗N given by Eqs. (8) and (12)), rather than by
fluctuations or Kondo lattice effects [6, 7].
Some remarks are in order here. A strongly correlated
Fermi system can be situated after the topological FC-
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FIG. 4: (Color online). Schematic diagram of temperature
versus these dimensionless control parameters: normalized
pressure P/Pc, composition x/xc, magnetic field B/Bc. We
assume that Bc > 0, if Bc = 0, see the phase diagram 2.
The solid black line indicates the topological FCQPT point
(orange circle). At T = 0 and beyond the quantum critical
point (to the left of the orange circle), the system is on the
quantum critical line (QCL) implicating a flat band, as in-
dicated by the red-dashed arrow. At any finite temperature
T < Tf and at elevated P/Pc > 1, x/xc > 1, B/Bc > 1, the
system enters the crossover and, then, the LFL region. The
blue dash-dot arrow points to the system as situated before
the topological FCQPT, where at T → 0 it exhibits LFL be-
havior with effective mass M∗ = M0. At elevated magnetic
fields, the behavior of the effective mass is given by Eq. (7),
and the scaling behavior is restored at B > B0.
QPT, i.e., on the ordered side defined by the quantum
critical line (QCL), as shown in the schematic phase di-
agram 4. As it is shown in Fig. 4, FCQPT can be tuned
by dimensionless control parameters: Normalized pres-
sure P/Pc, composition x/xc, magnetic field B/Bc. Here
we assume that the critical magnetic field Bc > 0. In the
case of Bc = 0, see Fig. 2, demonstrating that at T = 0
and B = 0 the system is located at the topological FC-
QPT. Note that there can be two critical magnetic fields
Bc1 and Bc2, as it is in case of the HF metal Sr3Ru2O7
[32, 33].
As it is seen from Fig. 4, at T = 0 the crossover re-
gion is absent, and the FC state is separated from the
LFL region by the first order phase transition [6], for the
FC state is characterized by special quantum topologi-
cal number, being a new type of Fermi liquid [3]. At
T > 0 there is the crossover rather than a phase transi-
tion [6]. One may expect that the T/B scaling is caused
by features not related to the presence of a QCP and the
divergence of M∗ (see e.g. [12]). On the other hand,
if the system in question is located before a FCQPT,
as indicated by the dash-dot arrow in Fig. 4, it exhibits
6LFL behavior even in the absence of a magnetic field
B at low T → 0. At elevated magnetic fields reaching
B  B0, Eqs. (5) and (11) are valid and the scaling be-
havior returns to that given by Eqs. (8) and (12). Thus,
to witness the presence of both the scaling behavior and
divergence of the effective mass in measurements on HF
compounds, one has to carry out measurements at suf-
ficiently low temperatures and magnetic fields. For in-
stance, the HF metal CeRu2Si2 exhibits NFL behavior
at low temperatures (down to 170 mK) and small mag-
netic fields (B ' 0.02 mT) comparable with the magnetic
field of the Earth [34]. Measurements carried out under
application of magnetic fields have led to the incorrect
statement that CeRu2Si2 demonstrates LFL behavior at
low temperatures (see [34] and references therein). We
note that if the critical magnetic field Bc is finite, then
the scaling behavior occurs versus T/(B −Bc) [29].
VIOLATION OF SCALING BEHAVIOR
Now we consider the statement that the scaling behav-
ior can be observed without the presence of both a QCP
and a divergent effective mass [12]. The T/B scaling
behaviors experimentally observed in measurements of
the magnetization dM/dT on the HF metals YbCo2Ge4
and β − YbAlB4 [11, 12] are displayed in Figs. 5 and 6.
As follows from Eqs. (12), (13), and (15), the function
B1/2dM/dT can be represented as
dM
dT
=
∫
∂χ(B1, T )
∂T
B1dB1 =
1
TM
∫
dM∗N (y)
dy
ydy,
(17)
where y = T/B. Taking into account Eq. (13), we obtain
TM ∝ B1/2 and Eq. (17) then reads
B1/2
dM
dT
=
1
TM
∫
dM∗N (y)
dy
ydy, (18)
Thus, B1/2dM/dT is a function of only the variable T/B.
As seen from Figs. 5 and 6, Eq. (18) and the corre-
sponding calculations, represented by the solid curve,
are in good agreement with the data [8, 11, 12]. To
calculate the LFL behavior of dM/dT taking place at
(T/B)N  1, i.e., T  B, we use the well-known rela-
tion dM/dT = dS/dB. Taking into account Eq. (11), we
obtain dS/dB = M∗(B)T/dB ∝ B−3/2T , as shown in
Figs. 5 and 6. At (T/B)N  1, i.e., B  T , the system
exhibits NFL behavior. Using Eq. (10), we arrive at
dM
dT
=
∫
χ(T )
dT
dB ∝
∫
M∗(T )
dT
dB ∝ T−3/2B. (19)
This theoretical result is in good agreement with exper-
imental observations [11, 12]. Accordingly, we conclude
that the fermion-condensation theory correctly describes
the scaling behavior, showing good agreement with the
data.
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FIG. 5: (Color online). YbCo2Ge4: Scaling behavior of the di-
mensionless normalized magnetization (B1/2dM(T,B)/dT )N
versus dimensionless (T/B)N , measured at different field val-
ues B = 0.05, 0.1, 0.2, 0.3, 0.5 T. The data are extracted from
measurements; see Fig. 4 of Ref. [12]. The NFL, crossover and
LFL behavior are indicated by the arrows and hatched areas.
The theory is represented by the solid curve, describing very
well the scaling behavior of (B1/2dM(T,B)/dT )N obtained
in measurements on β − YbAlB4 [11] (see Fig. 6). The LFL
and NFL behaviors of (B1/2dM(T,B)/dT )N are represented
by B−3/2T and T−3/2B, respectively.
Now we turn to the magnetic Gru¨neisen parameter
Γmag(T ) = −(dM/dT )/C in the NFL regime, i.e., at
B  T , with results reported in Fig. 7(a). It is seen that
Γmag(T ) has an inflection point at T = Tinf , signaling
that there is LFL behavior at lower temperatures rather
than a divergence (see also Fig. 1). Thus, we assume that
the HF metal YbCo2Ge4 is located before the topologi-
cal FCQPT, as indicated by the dash-dot arrow in Fig. 4.
We note that the inflection point takes place at too low
temperatures and magnetic fields, and it could not make
a visible impact on the scaling behavior reported in Fig.
5, that is, one needs to carry out measurements at suf-
ficiently low T and B to clarify a possible violation of
the scaling behavior. We suggest that YbCo2Ge4 can be
tuned to FCQPT by the application of pressure or by
doping, as it is done in the case of CeCu6−xAux, while
experimental facts show that Bc = 0 and the application
of magnetic field drives YbCo2Ge4 from its QCP [12].
The LFL behavior of YbCo2Ge4 at T → 0 is supported
by the measurements of Γmag(T ), which exhibits diver-
gent behavior T−5/2 at the interval Tcr ≤ T ≤ 0.8 K, as
it is seen from Fig. 7, where Tcr is the crossover tem-
perature. At T ≤ Tcr the magnetic Gru¨neisen parameter
Γmag(T ) does not follow the behavior indicated by the
straight line because YbCo2Ge4 enters the crossover re-
gion (see Figs. 1 and 7). At the interval Tcr ≤ T ≤ 0.8 K
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FIG. 6: (color online). Scaling behavior of the dimension-
less normalized magnetization (B1/2dM(T,B)/dT )N versus
the dimensionless normalized (B/T )N at different magnetic
fields B shown in the legend [7, 8]. The data are extracted
from measurements on β − YbAlB4 [11]. The LFL behavior,
crossover, and NFL behavior are indicated by the arrows. The
theory is represented by the solid curve. Notation is specfied
in the caption of Fig. 5.
one has Γmag(T ) = −(dM/dT )/C ∝ T−3/2/T = T−5/2,
since at T ≤ 0.8 K and B = 0 the heat capacity C
demonstrates LFL behavior, namely C(T ) ∝ T [12]. It
is seen from Fig. 7 that at T . 0.15 K, YbCo2Ge4 ex-
hibits LFL behavior induced by the application of mag-
netic field B = 0.1. This behavior qualitatively resembles
that occurring at B = 0.05 T.
Thus, we predict that at lower temperatures, Γmag(T )
will also exhibit LFL behavior. The measurements of
dM/dT depicted in Fig. 8 support this conclusion: at
T ≥ Tcr, one finds dM/dT ∝ T−3/2 (see also Figs. 5 and
6), while at T ≤ Tcr the divergent behavior disappears.
It is seen from Fig. 8 that dM/dT deviates from a straight
line for T ≤ Tcr, entering the crossover region and finally
exhibiting LFL behavior (see Figs. 1 and 4). We note
that the same behavior is seen in the frustrated magnet
ZnCu3(OH)6Cl2, which hosts a quantum spin liquid and
demonstrates LFL behavior at T < 400 mK [35]. The
scaling behavior is expected to be violated in the LFL
region, whereas it would be restored with growing tem-
peratures T > 400 mK [36, 37]. It is seen from Fig. 3
that the scaling behavior is not violated at (B/T ) ≥ 1,
for the measurements are taken at T ≥ 1.8 K [31]. We
expect the scaling violation at T < 300 mK and B < 0.4
T at the LFL behavior, see Fig. 3. As to YbCo2Ge4, we
suggest that measurements of the thermodynamic prop-
erties at very low temperatures and magnetic fields can
clarify the physics of scaling behavior without the diver-
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FIG. 7: (color online). Magnetic Gru¨neisen parameter
Γmag(T ) = −(dM/dT )/C versus B for values shown in the
legend. The data are taken from Ref. [12]. (a) Γmag(T ) versus
a logarithmic temperature scale. The approximate location of
the inflection point at temperature Tinf is indicated by the
arrow. (b) Γmag(T ) is shown on a double-logarithmic plot.
The solid line displays a T−5/2 dependence at B = 0.05 T.
At T = Tcr YbCo2Ge4 enters the crossover, see Fig. 2, and
the dependence T−5/2 is vanished.
gence of the effective mass, for by now it is impossible
to exclude the possibility of the scaling behavior down to
the lowest temperatures.
CONCLUSION
The T/B scaling behavior of HF compounds has been
investigated at some depth. It is shown that the HF
metal YbCo2Ge4 does not exhibit scaling behavior down
to lowest temperatures, since it is located before the
topological fermion condensate quantum phase transition
(FCQPT). For the same reason, the effective mass does
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FIG. 8: (color online). The −dM/dT NFL behavior at fixed
fieldB = 0.05 T. The solid line indicates T−3/2 dependence on
a double-logarithmic plot. The experimental data are taken
from Ref. [12]. The temperature Tcr at which the system
enters the crossover region is indicated by the arrow. See also
Fig. 1.
not diverge at the lowest temperatures. Based both on
the theoretical consideration and the experimental facts,
we have shown that there is no scaling without both the
topological FCQPT and divergence of the effective mass.
HF compounds exhibit the T/B scaling down to the low-
est temperatures, provided these systems are located at
the topological FCQPT. We suggest that measurements
of the thermodynamic properties at very low tempera-
tures and magnetic fields on YbCo2Ge4 can clarify the
physics of scaling behavior without the divergence of the
effective mass. We have also demonstrated that the topo-
logical fermion condensation theory gives a satisfactory
description of the scaling behavior of various HF com-
pounds. Our results are in good agreement with experi-
mental observations.
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